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Accept:

cos(a. - B) = cosa.cosP + sina.sinf,
and derive the other compound angle identities

~ These are examinable, learn them well. R
Proof:
cos(ow + B) = cos[or — (—B)] = cosar.cos(—P) + sina.sin(—p)
= C0S0L.COSP + sinat.(—sinP)
= C0S0L.coSP — sino..sinf
Proof:
sin(ow + B) = cos[90° — (o + B)] = cos[90° — o — B] = cos[(90° — c) — P]
=¢0s(90° — o). cos(B) + sin(90° — o). sin(B)
= sino..cosP + coso.sinf
Proof:
sin(o. — B) = cos[90° — (o — B)] =cos[90° — o + PB] = cos[(90° + B) — o]
=¢0s(90° + B). cosat + sin(90° + B). sinax
= —sinP.coso + cosp.sinat
= sino.cosP — coso.sin
. J
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€8
Simplify without the use of a calculator:

1. cos70° cosl10° + cos20° cos80°
2. 2sinl5°cos 15°
3. sin15° [10]

Solutions
1. cos70° cos10° + cos20° cos80°
= c0s70° cos10° + sin70° sin10°
= cos(70° - 10°) v
= cos60° v
= % v/ (3)

2. 25sinl5° cosl5®

=sin 2(15°) v/

=sin 30° v

=1v (3)
3. sin 15°

= sin (45°-30°) n

= sin 45°. cos 30° — cos 45°. sin 30° n

=—7 Vv 4)
[10]
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Q) Activity 10

—
Do NOT use a calculator to answer this question. Show ALL calculations. Prove that:
V2(V3-1
1. cos75°= # (5)
2. Prove that cos(90° — 2x).tan(180° + x) + sin*(360° — x) = 3sin’x (7
3. Prove that (tan x — 1)(sin 2x — 2cos?x) = 2(1 — 2sin x cos x) (7)
[19]
Solutions
1. LHS= cos 75° = cos(45° + 30°) v
= c0845°.c0830° — sin45°.sin30° v/
_V2V3 V21
I R ) v
_243 V2
T4 4
2(V3-1
= ﬂf / =RHS (5)

2. LHS = cos(90° — 2x).tan(180° + x) + sin}(360° —x)  co-functions and reductions
=sin2 x/. tan xv + sin® xv/ double angle for sin 2x
trig identity for tan x
= 2sin x.cos xv/. fii?—s’; v+ sin’ x simplify
=2sin’ x + sin* xv//
= 3sin’xv// = RHS (7

3. There are several ways to prove this. Here is one solution.
LHS = (tan x — 1)(sin 2x — 2cos*x)
= (2315); v - 1)(2sin X. cos xv/ — 2cos’x) double angle identity for sin 2x

= 2sin® x — 2sin x. cos x — 2sin x. cos x + 2cos’xv/v/  multiply out

=2 sin*x —4 sin x cos x + 2 cos? xv/

= 2(sin” x — 2sin x. cos x + cos*x)v trig identity sin®> x + cos>x = 1
=2(1 - 2sin x. cos x)¢v" = RHS (7)
[19]
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Q Activity 11

—
Determine the general solution for x in the following:

a) sin 2x. cos 10° — cos 2x. sin 10° = cos 3x (8)
b) cos?x=3sin2x (11)
¢) 2sinx = sin(x + 30°) (%)
[24]

Solutions

a) sin 2x. cos 10° — cos 2x. sin 10° = cos 3x use compound angle identity
= sin (2x - 10°)v/ = cos 3x use co-functions
-~ sin (2x - 10°) = sin (90° - 3x)v/
oo 2x—10°=90°-3x + k360°/or  2x-10° = 180°~(90°-3x) + k360°/ k €Z

o 5x =100° + k360°V 2x — 10° = 90° + 3x + k360°
sox =200+ k72°/ —x =100 + k360°V
x=-100-k360 v k €Z 8)
b) cos®x = 3 sin 2x use double angles for sin 2x
cos? x = 3(2 sin x.cos x)v/ make LHS =0
cos’ x — 3(2 sin x.cos x) = 0 multiply out
cos? x — 6 sin x.cos x = 0V common factor

cos x (cos x— 6 sinx)v =0
scosx=0v/ or cosx—6sinx=0/

=0 cosx _ 6sinx
COS X = U OT cosx ~ cosx

cosx=0orl =6tanx
cosx=0 or tanx=%/
Reference angle = 90° or reference angle = 9,46°
2 x =90° + k360° or x = 360°-90° + k360° or x = 9,46° + k180° vk €Z
x =270° + k360°v  orx=180°+ 9,46° + k360°/k €7
=189,46° + k360° v k €Z (11)

¢) 2sinx =sin (x + 30°)
2 sin x = sin x. cos30° + cosx.sin30°v

2 sin x = sin x.g + cos x%/ multiply by 2
4 sin x = V/3 sin x + cos x divide by cos x

4tanx =3 tanx + 1
4tanx —V3tanx =1/

_ 1
tanx——4_\/§/

x=23,79°+ kl180° kcZ v/ ®)
[24]
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any number
0
Therefore if the

denominator of an identity
= 0, then the identity is
undefined

is undefined.

y = tanx is undefined
for certain value of x.
Therefore if a tan function
is in an identity then
the identity is undefined
where the tan function is
undefined.

/

10.12 Determining x for
which the identity is
undefined

&

For which values of x is this identity undefined? ta111 T ttanx = tj‘mzx
Sin- x
4]
Solution
tanx T tanx = ;dr?zi is undefined if tan x = 0 or if sin?x = 0 or if tan x is
undefined
[division by 0 is undefined]
iftanx=0 OR ifsin’x=0 OR tan xis undefined
x=0°+k180°/ OR sinx=0vV x=90°+ k180° v (4)
x = 0° + k360° OR  x=180°+ k360°
So the identity is undefined for x =0°+ k360° or x = 180° + k360°
or x =90° + k180°
All these solutions are the same as x = 0° + k90° for k € Z.
[4]
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What you should be able
to do:

e Simplify expression, without a calculator by using a sketch.

¢ Use reduction formulae and/or co-functions

* Use special angles

e Derive and use the trig identities: (Quotient, square, compound and
double angle identities).

e Determine for which values an identity is undefined

¢ Determine the general solution of trigonometric equations

e Solve trigonometric equations with a given interval

e Use identities to prove identities and solve equations

Feb/March 2014 Q8 & Q9.1 &9.2
Nov 2013 Q10 & Q11

Feb/March 2013 QQ8 & Q9

Nov 2012 Q8 & Q9

Feb/March 2012 Q11 & Q12

Nov 2011 Q9.1 &9.2& Q12
Feb/March 2011 Q10

Keep going!
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m Unit

Trigonometry: Sine,
cosine and area rules

We use these three rules to find the lengths of sides, sizes of angles and the area
of any kind of triangle. To ‘solve a triangle’ means you must calculate the unknown
sides and angles.

11.1 Right-angled triangles

You can use the trig ratios to find angles and lengths of a right-angled triangle.

Q Activity 1

.
R A
In triangle ABC, B = 37° and
AC =16 cm. C =90°. Calculate the
length of AB and BC (correct to
one decimal place). 3)
16 cm
37° [
B C
131
Solution

To calculate the length of AB, use 37° as the reference angle, then

AC = 16 cm is the opposite side and AB is the hypotenuse. Use the sine ratio.
opp _ 16

) o _ OPP
sin 37° = hyp — AB

ABsin 37° =16
_ 16 _
AB—W—26,6CIH v
To find the lenﬁﬁh of BC, you can use
o 89 _

cos 37° = hyp BC/26.6

26,6 cos 37° =BC v/

BC = 21,2 cm (to one decimal place) v

You can also use Pythagoras’ theorem:

AB?= AC? + BC? 131
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a Activity 2

[ —
In triangle PQR, PQ = 12,3 m and
PR = 13 m. Calculate the size of Q. 2)

(hyp)
2]
Solution
Use PQ and PR.
_opp _ 13
tan © = adi C 123 v
0= tan' [[b5] = 46,58° v 2l
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11.2 Arearule

Area of a right-angled triangle:

Area A = % base X perpendicular height

Area A =%bh

perpendicular
height

perpendicular
height

base base

Proof of Area rule [STUDY FOR EXAM PURPOSE]

If A is acute
B
h
[ ]
A D C
]
' b
Area of AABC = 2 blt...vceveee (1)

ButsinA=2 - h=csinA
Substituting into (1)

Area of AABC = 2 be sin A
Similarly it can be shown that
Area of AABC = % absin C

_1 :
—2acsmB

If A is obtuse

Area of AABC = 2 blt...cceveee (1)

|

Butsin (180° - A)=¢ .. h=csinA
Substituting into (1)
Area of AABC = 3 be sin A

Similarly it can be shown that
Area of AABC = % absin C

_1 :
—2aCS|nB
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~ |f a base or height is unknown, you can use trig ratios to work A
them out. If the perpendicular height is not given and cannot be
worked out, then we need a different area formula.

There is a formula that works to find the area of any triangle, even if we do not know
the perpendicular height.

The area of any AABC is half the product of two sides and sine of the included angle.
A

C B

So if you choose to use angle A, then
Area AABC = 1 be sin A

If you choose to use angle B, then
Area AABC = 1 ac sin B

If you choose to use angle C, then
Area AABC = 1 ab sin C

Learn one form of the formula — you can work out the others from that.

To find the area of any triangle, you need to know the lengths of two sides and the
size of the angle between the two sides.

1

Calculate the area of AMNK with m = 3,5 cm;
n=48cmand K = 112°, M

Choose the version of the formula that
uses the sides m and n and the angle K
because these are known values.

Area A MNK = % mn sin K
=1(3,5)4.8)sin 112°
=38,45sin 112°

= 7,788 cm? (correct to 3 decimal places)
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11.3 Sine rule

If you have enough information about the sides and angles of any triangle,
you can use the sine rule to find the other sides and angles.

Sine rule

The ratio of sine of the angle divided

by the side opposite that angle is b
the same for all three pairs of sides B
and angles. C a

So...

In any triangle ABC:

sinA _sinB _sinC
a ~— p T c

We can also use the ratios with the sides in the numerator:
a _ b _ ¢
sinA~ sinB~ sinC
The formula will be provided on the information sheet

Proof of Sine rule [STUDY FOR EXAM PURPOSE]

If A is acute If A is obtuse

B B

A b C A b C

Using Area rule for AABC:
%bcsinA=%absin C=%acsin B

Dividing each by % abc results: S'ZA = - S'Z B

— \
~~
To use the sine rule you need to know at least one side and its matching opposite angle and one more side or angle.
A
I A\b ’ \
B C
a
The sine rule can be used to solve many problems if the right information about the triangle is given.
- %
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Q Activity 3

e A
Solve AXYZ in which z = 7,3 m, X = 43° X
and Y = 96°. Give your solutions correct to
3 decimal places. (4)

z
Y
[4]
Solution
The angle opposite the known side is not given, but you can work it out.
2 = 180° — (43° + 96°) (sum angles of A)  Using the sine rule again to
A find x:
Z=41° / x 73
Yy 13 sin 43° ~ sin41°
Tofind y: Gyg60 = Smare ¥/ _ 7354y
_ 7,3 sin 96° ~ sin4l°
T sin4l°
y=11,066m / .
[4]
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11.4 Cosine rule

You apply the cosine rule If you are given the values of:

* two sides and the included angle OR
e three sides of a triangle,

Cosine rule:
In any triangle ABC:

If you choose to use angle A, then A
a’?=b*>+c¢? - 2bc cos A b

If you choose to use angle B, then B
2=a?+ ¢ - 2ac cos B C a

If you choose to use angle C, then
c¢®2=a?+ b?- 2ab cos C

Proof of Cosine rule [STUDY FOR EXAM PURPOSE]

If A is acute If A is obtuse

"h
|
|
1l
IA D C D A b C
b S
In ABDC: a® = BD? + CD? (Pythagoras Theorem) | In ABDC: a* = BD*+CD? (Pythagoras Theorem)
=BD2 + (b - AD)? = BD?2 + (b + AD)?
= BD2 + b2 - 2bAD + AD? = BD2 + b2 +2bAD + AD?
But BD2+AD2=c2  (Pythagoras Theorem) But BD* + AD*=c¢*>  (Pythagoras Theorem)
Thus @ =b"+ "+ 2bAD ....oceeeveereerennens 1
Thus @ =b"+ ¢ = 2DAD oo (1) us a ¢ @)
INAABD:.
In A ABD: cosA=¥,'.AD =CcCOSA ... (2) cos(180°- A) =¥.'.AD = — ¢ COSA.......... (2)

Substituting (2) into (1)

Substituting (2) into (1) . . o
c.a=b+c¢ —2bccosA

c.a?=b%+ ¢?— 2bc cosA
Similarly it can be shown that:
b’=d +c - 2accosBand
c=da+b -2abcosC

Similarly it can be shown that:
b? = a? + ¢? - 2ac cosB and
¢?=a?+ b? - 2ab cosC
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@2 P

1. Solve APQR if ¢ = 462 mm, p = 378 mm and ﬁ =87°. Q

Using the cosine rule 162
(two sides and the included angle are given so you can 378
find the side opposite the given angle)
PQ?>=p*+ ¢*—2pq cos R R
PQ? = (378)* + (462)> — 2(378)(462).cos 87°
PQ? =338 048,5159
PQ = 581,42 mm [take square root]
Using the sine rule:
378 _ 581,42
sinP ~ sin87°
s;% = 212?181; (it is easier to have f’ in the numerator)

P = 378 X sin87°
SIE = TTsgT.42
sin P = 0,649
P = sin! (0,649) = 40,48°

(AQ = 180° — (87° + 40,48°) = 52,52° [sum angles of A]

2. Determine the biggest angle in AABCif ¢ =7 cm; b =9 cm
and ¢ = 15 cm.
You are given three sides, so use the cosine rule.
The biggest angle will be e (opposite the longest side).
c=a*+b*-2abcosC rearrange the formula to get cos C
2abcos C=a’>+ b*—¢? on its own
cos C =4 +2122b_ ¢
7+92— 15

cos C= —30) )
cos C =-0,753968... cos 0 is negative in quad 2, so C is obtuse.
reference angle is 41,06°

A

C =180°—-41,064...° = 138,94° (correct to two decimal places)
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When solving triangles,
start with the triangle
which has most
information (i.e. triangle
with three sides or two
sides and an angle or two

11.5 Problems in two and

three dimensions

“ Activity 4

—y

PQRS is a trapezium with PQ // SR, PQ = PS, SR = 10 cm,

QR =7 cm, R= 63°.

Calculate: P I Q

a) SQ 2)
b) PS 7 cm (6)
¢) area of quadrilateral

63°
PQRS. (correct to 2 g R

decimal places) 10 cm (5)
[13]

angles and a side given)
-

Solutions

a)

b)

In A QSR, you know two sides and the included angle, so use the cosine
rule.

SQ> =72 + 102 2(7)(10)cos 63°

SQ*=285,44... find the square root
SQ=924cm V/ (2)
In A PQS, you know that PQ = PS and you worked out that SQ = 9,24 cm.

Think about the question first
If you can find P then you can use the sine rule to find PS.

To find f’, you need to first find PéS or P§Q.
PéS = P§Q (alternate angles, PQ // SR)

Now can you work out a value for Q§R?

In AQSR, you know three sides and ﬁ

So it is easiest to use the sine rule to find Q§R.

SianR _ sin63°
7 9,24 4

sinQSR = 15255 = 0675004

~ QSR = 42,45° /

P(A)S: Q§R =42.,45° (alternate angles, PQ // SR)
pés: P§Q =42.,45° (base angles of isosceles A)
-~ P = (180°— (42,45° + 42,45°)

=95,1° v (sum angles in A)

Now we can find PS using the sine rule and 1/5

PS _ 924
InAPQS G755 = Sinos.1 v
9,24 5in42,45°
PS = sin95,1

PS=626cm vV (6)
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¢) To find the areas of PQRS, find the area of the two triangles and add
them together.

To find the area of APQS, use }/; =95,1° and PS = PQ = 6,26 cm.
Area APQS = %qs sinP v/

Area APQS = 1 (6,26)(6,26)sin95,1°
Area APQS =19,52 m? v
To find the area of ARQS, use ﬁ =63° QR =7 cmand SR =10 cm.

Area ARQS =3 (7)(10)sin63 v/
Area ARQS =31,19m?>

-.Area PQRS = 19,52 + 31,19 = 50,71 m*> v/ (5)
[13]
Q Activity 5
.
A

In the diagram alongside, AC = 7 cm,
DC =3 cm, AB = AD, DCA = 60°,

DAB =B and ABD = 6. P
Show that BD = \/i;ienﬁ 7em
0 60°
B D tem C
131
Solution

AD? = AC? + CD? - 2AC.CD cos 60°= (7> + (3?2 x 7x3x0,5 /
AD?=58 - 21

AD? =37

AD=V37P

Applying sine rule:
BD _ AD —
sinf ~ sin® =BD =
_ 37 sinp
~BD=—-05

AD sinf
sinf

but AD =37 /

v
131
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A Activity 6

—v

1. In the diagram alongside, ABC is a right angled triangle.

KC is the bisector of ACB. AC = r units and BCK = x
1.1 Write down AB in terms of x

1.2 Give the size of AﬁC in terms of x
1.3 If it is given that % = %, calculate the value of x

A, B and L are points in the same horizontal plane,

HL is a vertical pole of le/:\ngth 3 metres,

AL = 5,2 m, the angle ALB = 113° and the angle of
elevation of H from B is 40°.

2.1 Calculate the length of LB.

2.2 Hence, or otherwise, calculate the length of AB.
2.3 Determine the area of AABL.

The angle of elevation from a point C on the ground,
at the centre of the goalpost, to the highest point A of

2)
2)
(7

€)
)
(€)

the arc, directly above the centre of the Moses Mabhida
soccer stadium, is 64,75°. The soccer pitch is 100 metres

long and 64 metres wide as prescribed by
FIFA for world cup stadiums. Also AC L PC.

In the figure below PQ = 100 metres and PC = 32 metres

3.1 Determine QC
3.2 Calculate PAC

3.3 A camera is placed at D, 40 m directly below
point A, calculate the distance from D to C

2)
2)

(4)

28]

C
X\ X
T
-
B K A
H
3m
=
113° B
5,2
A
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Solutions

1.1 sin2x =28 AB=rsin2x /v (2)
12 AKC=90° +x [ext. angle of ACBK] /v/ )
AK _ r . _ rsinx
13 5= ooy - AK = "cse vV
N sin )
_ cosx  _ r sinx _ —_2Z
‘AB T rsin2x _ rcosx.2cosxsinx _ 2cos’x 3 <4
. =3
socos’x =7 v/
cosx = g v
Hence x = 30° / (7)

2.1 In AHLB, tan 40° = 5 /
[AHLB is right-angled, so use a trig ratio]

_ 3
LB = tan40° v

LB =3,5752... = 3,58 metres v/ 3)

2.2 In AABL,

[MABL not right-angled. You have two sides and included angle, so
use the Cosine Rule]

AB? = AL+ BL? - 2(AL)(BL).cos L v/

AB? = (5,2)2 + (3,58) — 2(5,2)(3,58).cos 113° v/

AB? = 54,40410... m?

AB=738m v/ (3)

2.3 Area AABL = % AL x BL X sin ALB v/
= % (5,2) % (3,58) x sin 113° v

= 8,56805... /
~ 8,57 m? (3)
3.1 005 64,750° = G . AC= s = rangeey = 117,21/ b)
3.2 wnPAC=1G
PAC = tan™ (j—zc) v
=1527° / )

33 DC?=AC*+ AD*>—2AC.ADcos(90° — 64,75% v
DC*=(117,21)*+ (40)> — 2(117,21).40c0s(25,25°) v

= 6857289
DC=82,81m v 4)
[28]
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What you should be able
to do:

* Derive and use the trig identities: tan 8 = -5 and sin®0 + cos?6 = 1.

e Derive and use reduction formulae to simplify expressions.

e Determine for which values of a variable an identity is true.

e Derive and use the sine, cosine and area rules.

* Apply the sine, cosine and area rules to solve triangles in 2-D and
3-D problems.

e Use the compound angle and double angle identities where
necessary to prove and make necessary calculations.

November 2013 Question 13
February/March 2013  Question 11
February/March 2012  Question 12

November 2012 Question 12
November 2011 Question 11
November 2010 Question 11
Keep going!
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Unit @

Euclidean Geometry

12.1 Revise:
Proportion and area
of triangles

1. Ratio and proportion
Ratio compares two measurements of the same kind using the same units.

Example

If Line A is 2 units long and Line B is 6 units long, then the ratio of
LineA:LineBis2:6.

This is the same ratioas 1 : 3. Line Cis 1 unitlong and Line D is 3 units
long.

SoLineC:LineDis 1:3.SoCandD are in the same proportion as A and B.

A
C
B
D
So the two ratios are equal and we can say that % = %
We say that A, B, C and D are in proportion.
This proportion can be written in many ways:
A_C A_B B_D c_D
fg=pthen 1.5=5 2.7=¢ 3.3
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Ratio and proportion of areas and sides of triangles

1. If two or more triangles have a common vertex (A) and lie between
the same parallel lines, they also have a common perpendicular
height (altitude).

7

A4

B C D

2. The areas of triangles with equal altitudes
are in the same proportion as their bases.
Remember: area A =2 base X perp

height

AADB, ADBC and AADC all have the

same | height DE. A
So Area AADB : Area ADBC : Area

AADC

(V2 AB x DE) : (V2 BC x DE) : (A ACxDE)  AB:BC:AC

3. If two or more triangles lie C D
between parallel lines, they
have the same altitude.

4. Triangles on the same base

(or equal bases) and between A B
parallel lines are equal in area.
Area AABC = 2(AB)h
Area AADB = %2(AB)h
Area AABC = Area AADB
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12.2 Proportion theorems

i Theorem 7 (Learn the proof for the examination)
Proportional Theorem

(Prop theorem, DE || BC)

Given: Triangle ABC with D on AB and E on AC, DE || BC

If a line is drawn parallel to one side of a triangle, it divides the other two sides in the same proportion.

! A !
: . AD _ AE :
E To prove: DB = EC E
i Proof: Construction: Draw altitudes 4 and k in AADE i
i Join DC and BE i
! Area of AADE _ %.AD.h _ AD : !
: Area of ABDE — %DB.; — Dg (Same altitude ) y N :
i Area of AADE _ J.AEk _ AE : i
b and R ofACED ~ 5ECK ~ EG (same altitude k) |
E but Area AADE = Area ACED (same base DE; same altitude; DE || BC) . E
i Area of AADE _ Area of A ADE i
Area of ABDE ~ Areaof A CED
i AD _ AE i
: DB~ EC :
Solving problems using proportion
Q Activity 1
S
1. Determine the value of x, in the diagram alongside, if PQ || BC. (4)
Solution
AP _ AQ
PB = QC v (PQ || BC, prop theorem) v/
5_4
§ =X v
= 5x=(3)@)
_12 _
=% =24cm v [4]
2. InAABC, AB|| FD; AF || DE
and FE: EC=3:4. A NOTE:
Determine EC : BF 3 : 4 does not mean that
D FE=3and EC = 4.
For any a, we can say that
FE=3aand EC = 4a
For every 3 of a in FE, there is
4 of a in EC.
B F E C
(7
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Solution
Work with two different triangles:

In AABC:

DC ~ FC
JEE_Br
~ EC = Fc (both = DC) v

E_3_a d BE_BF
EC ~ 4a FC ™ Ta

. 3a_BF ,

“da " Ta
~BF=3L)= 20—

. EC _ . 2la

“BE T Ty
_ 4da, 4
=1 %24
_ 16
=Y

S EC:BF=16:21

AACF and AABC
A
D D
B F E C F E C
In AACF

glg EC v' (AF || DE, prop intercept theorem) v/

AD _ BE (AB || FD, prop intercept theorem) v/

7]
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3. Determine the value of xif PQ || BC. 4)
Solution
A
A & AQ ( prop theorem , PQ || BC) v/
5cm 4em _
5x=(3)4)
12
x=%=24cm Vv
P > Q 5
3cm X
AN
B > C 4]
4. In the diagram, RF || KG, ED || KH,

RH = 3 units, RK =9 units, HF = 2 units.

Calculate (stating reasons) the lengths of:
4.1 FG
4.2 FD

GE: EK =13

4.1

4.2

Solutions

In AHKG

B=2vs

FG 6 units v S

GD _ GE
CH=GE=4vS

GD = Z‘GH
GD=1.(8)/ S
GD=2/S

-~ FD=6—2=4units v/ R
OR

In AHKG, HK || DE

GD _EG _ 1

PH-EK-3YS

(line || one side of a A) v' R

or (proportional theorem, HK//DE )

6—-FD
2+FD

18-3FD=2+FDV

_1
=1/s

.. FD =4 units v

(line || one side of @ A) v R or (RF || KG)

(line || one side of a A) v R or (ED || KH)

(€)

)
8]
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12.3 Similar polygons

Similar polygons have the same shape, but not necessarily the same size.

€ 1

Every square is similar to every other square.

Polygons (with the same number of sides) are similar when:

e All the pairs of corresponding angles are equal (They are equiangular)

and

e All the pairs of corresponding sides are in the same proportion.

Both of these conditions must hold at the same time.

Il is the symbol we use to say one polygon ‘is similar to’ another polygon.

€2

P Q
A B T
EG
b E S R

Corresponding sides are
sides in the same position
(with respect to the angles)
in each polygon.

Consider pentagon ABCDE and pentagon PQRST

A=P;B=Q;C=R;D=S§;E=T
AND

AB _BC _DC _ED _EA
PQ QR SR TS TP

- ABCDE ||| PQRST (equiangular and corresponding sides in the

same proportion)

Triangles are special polygons:

If two triangles are equiangular, then their sides will always be in the
same proportion, so the triangles are similar.

If the sides of two triangles are in the same proportion, then the
triangles will be equiangular, so the triangles are similar.

equiangular As — similar As

corresponding sides As in
proportion — As are similar

240 UNIT 12 EUCLIDEAN GEOMETRY

© Department of Basic Education 2015
Mind the Gap Mathematics



E Theorem 9 (Learn the proof for the examination)
If two triangles are equiangular, then the corresponding sides are in proportion and therefore the triangles are
similar.
AN ANEAN N N
Given: AABC and ADEF withA=D;B=E;=F

. DE _ EF _ DF
To prove: 75 =55 = ¢

D
Proof: On AB mark off AP = DE and on AC mark off AQ = DF
[ ]
Draw PQ
In AAPQ and A DEF
AP = DE (Construction)
N N
A =D (given)
AQ = DF (Construction)
.. AAPQ = A DEF (SAS) E F
AN AN
S P1 = E
AN AN AN N
. P,=B (E =B) A
- PQJIBC (Corresponding Zs equal) °

A .
%ﬂ\—g (PQ || BC in AABC)

But AP = DE and AQ = DF

. DE _DF PJ Q

" AB T AC \
Similarly, we can prove that B C

DE _ EF

AB ~ BC

. DE_EF _DF

**AB T BC T AC

But the triangles are equiangular
.. AABC IIl A DEF

NOTE:

If two triangles have 2 corresponding angles equal, then the third angles will equal each other (sum angles of a triangle =
180°) and the triangles are therefore similar and their sides will be in proportion. The shortened reason you can use is (third angle)

40°

80°
80°

If two angles are the same, then the 3rd angle of both triangles is
180° — (40° + 80°) (sum angles in A) = 60°
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: Theorem 10 (Learn the proof for the examination)

! If two triangles have their sides in the same proportion, then the corresponding angles will be equal and the

triangles are similar.

. DE _ EF _ DF
Given: A ABC and A DEF with == A BC T AC

NN NN AN A

Toprove: A=D;B=E;C=F
AN N AN N
roof: Draw A PEF so that PEF =B and EFP =C
. APEF Il AABC  (equiangular AS)

. PE_EF_PF
““AB BC AC
ButPE = EF _DF  (Given)

.. PE=ED and PF = DF
and EF is common
. DEF = APEF (SSS)

AN

F1 F2 C

N

and E1= EZZB

VASIAY N A

AN N
ie.A=D;B=E;;C=F
But the corresponding sides of the triangles are proportional
. AABC Il ADEF

I
I
1
i
1
i
1
!
1
1
i
1
i
1
: — B
! AB~ BC  AC
i
i
1
i
1
!
1
1
i
1
i
1
i
1

Theorem 11 (Learn the proof for the examination)
Theorem of Pythagoras (proved using similar triangles)

In any right-angled triangle, the square on the hypotenuse is equal to the sum of the squares on the other two sides.

Given: AABC with A = 90°
To Prove: BC? = AB? + AC?
Proof: Draw AD L BC
In AABD and ACBA
@ is common

BAD = BCA (3rd £ of A)
- AMBD Il ACBA  (AAA)

. AB_BD
-8B B (ABD 111 CBA)

.. AB>=BC x BD
Similarly AACD Il ACBA
and AC>=DC x CB
.. AB? + AC>=BC xBD + DC x CB
AB2 + AC? = BC (BD + DC)
AB? + AC®>=BC x BC

. A A
i ADB = CQB =90°  (given)
i AB? + AC? = BC?
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a Activity 2

[ —
1. .

Diameter AME of circle with centre M bisects FAB.

MD is perpendicular to the chord AB.

ED produced meets the circle at C, and CB is joined.

a) Prove AAEF || AAMD &)

b) Hence, find the numerical value

AF
of AD" %)

¢) ProveACDB ||| AADE 4)

d) ProveAD?=CD. DE 3)
[17]

Solution Solution
AE EF AF
a) b) xvi=wvp = ap  lAs) v
AM = ME (radii) v/
L AE=2AMV/
. 2AM _ AF
** AM T AD v
AF

AD =2V (5)

F =90° (£ in semi-circle) v/

D, = 90° (given MD L AB) v/
F=D,

In AAEF and AAMD

1/5 = IA)1 v (proved)

1&1 = Az (AM bisects F/&B) v

~FE =M, (third £ of A)

- AAEF ||| AAMD (AAA)or £££ /

)

© Department of Basic Education 2015
Mind the Gap Mathematics

UNIT 12 EUCLIDEAN GEOMETRY 243




Solution

In ACDB and AADE

é = Az v (s in same seg) v/
B= ]%2 (s in same seg) v/
]/54 = ISl + 152 (opp L)

. ACDB ||| AADE (AAA) v/

“)

Solution

Lope (I1I As)

. CD.DE = AD. DBV

But AD = DB (MD L AB, M is centre) v/
.. CD.DE=ADV

~. AD*=CD. DE 3)

[17]
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CD is a tangent to circle ABDEF at D.
Chord AB is produced to C. Chord BE
cuts chord AD in H and chord FD in G.
AC || FD and FE = AB.

a) Prove that D, = D, (3)
b) Prove that ABHD ||| AFED &)
¢) Hence g—g = % 3)
[11]

Solutions

A=D,  (tan-chord thm)/
D,=A  (alt ZsCA | DF) v/
D,=D,V (3)

D

Y

b) In ABHD and AFED

A

}§2 =F (4s in same seg) v’
133 = ]AD1 v (equal chords) v/

A A

H, =E, (third Z of A) vV
. ABHD || AFED  £/// (5)
FE _ FD
) Ba-8DY (Il As)
But FE=AB vV (given)
AB _ FD
[11]

© Department of Basic Education 2015 UNIT 12 EUCLIDEAN GEOMETRY 245

Mind the Gap Mathematics



3. In the diagram AABC is such that F is on AB and G is on AC. CB is produced to meet GF

produced at E .DGFE is a straight line. BFA || CD.
AB=20, BC=10, EF=8, EB=5 and FB=6.

3.1 Determine the numerical value of %

3.2 Calculate the length of ED

3.3 Complete, without stating the reasons: AEFB IIT A ....
3.4 Hence, calculate the length of DC

FG

.AF _ FG
3.5 Prove that: D - DG

)
2)
(1)
€)
(4)
[13]

Solutions

3.1

FB11 CD (Given)
EF _ EB

3.2 %=%from 3.1and EF =8

L8 1
““ED ™ 3 4

ED=24/S
33 AEFB ||| AEDC v/

DC _ ED
34 75 =tp (AEFB ||| AEDC) / R

DC_2t

6
DC=18vS

E—E/S (line || one side of A) V' R

(€)

2
()

3)

BFA || CD. AB=20, BC=10, EF=8, EB=5and FB=6

In AAFG and ACDG

A=C, (alt Zs. AF || DC) / SIR
(A}3 = (A}] (vertically opp Zs) v SIR
F,=D (alt Zs. AF || DC)

AAFG 111 ACDG (££4) / R

AL =F5e  (AAFG||ACDG)/ R (4)

[13]
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4. In the diagram, PQCB is a cyclic quadrilateral. Chords BP and CQ
are produced to meet at A such that AQ = BC.

4.1 Prove that: AAPQ III AACB 4)
4.2 Hence, prove that AQ*= AB.PQ 3)
171
Solutions
4.1
Proof: In AAPQ and AACB
A=A (common) v SIR
P, =Cv/S (ext Lofacyclicquad)v R
P,=B (sum Zs of A) or (ext £ of cyclic quad )
AAPQ ||| AACB( £.2£.2)/ R 4)
4.2
AQ _ PQ
Ag-BcY S (AAPQ ||| AACB) V' S
AQ _ PQ _
AB ~ AQ /'S (AQ=BC)
AQ’=AB.PQ 3)
171
Keep going!
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@ Unit

Statistics

Data handling is the study of statistics, or data. We collect, organise, analyse
and interpret data. The data can inform students, researchers, advertising and

business.

It can provide us with an understanding of social issues and human trends. Then
we can make informed decisions when we plan for the future, or make a new

advertisement, or address social issues.

We usually collect data from a fairly small group (called the sample). The sample
must be big enough and it must be randomly chosen from the population. This
is to make sure that it fairly represents the trends in the larger group of people

(called the population).

o..o.@.D @@

.@..@

o@®.
®e ©

population

Sample:
Some data randomly chosen from population.
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13.1 Bar graphs and

on the other axis.

.1

In a Geography class, 23 learners completed a test out of 10 marks. Here
is a list of their results:

frequency tables

Data can be represented with a frequency table or with a bar graph. Each
bar represents a group of data and the bars can be compared to each
other. Bar graphs must be labelled on one axis and show the numbering

4:1;2;2:6;9;6;10;6;8;9;6;7;,7,8;4;6,6;5;7,9; 10; 6.

We can use a frequency table to record this data.

Frequency table
Mark out Tally Number of learners who achieved this mark
of 10 (frequency)
1 / 1
2 I 2
3 0
4 1 2
5 / 1
6 - 7
7 1 3
8 I 2
9 I 3
10 I 2

We can also make a bar graph to show this data. Use the marks from 1 to
10 on the horizontal axis. Use the number of learners who got that score

on the vertical axis. The number of learners is the frequency.

Geography test results out of 10

Number of learners
N

4 5 6 7 8 9 10
Marks out of 10
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13.2 Measures of central
tendency

13.2.1 Ungrouped Data

Measures of central tendency are different measures of finding the
‘middle’ or ‘average’ of a set of data. The three kinds of ‘middle’ of a set of
data that we use are the mean, the median and the mode.

It is advisable that we start by arranging the set of data in an ascending
order before attempting questions.

1. Mean
The mean of the data is the average if you add all the values and
divide by the number of values. We use the symbol for the mean.

Yfx

mean (X) = 5

This formula will be on the information sheet provided in examinations.

€2

In a Mathematics class, 23 learners completed a test out of 25 marks.
Here is a list of their results:

14; 10; 23; 21; 11; 19; 13; 11; 20; 21;9; 11; 17; 17; 18; 14; 19; 11, 24; 21, 9;
16; 6.

Calculate the mean of this data.

Solution

sum of values in set

mean (x) =

numberof values in set

=154347... / (2)

=14+10+23+21+11+19+13+11+20+21+9+11+17+17+18+14+19+11+24+21+9+16+6/

23
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2. Median
The median is the middle number in an ordered data set.

€ 3

In a Mathematics class, 23 learners completed a test out of 25 marks. Here is a list of their results:
14;10; 23; 21; 11;19; 13; 13; 20; 21; 9; 13; 17; 17; 18; 14; 19; 13; 24; 21; 9; 16; 6.

Calculate the median of this data.

Solution

» First put the data in order, from lowest to highest.
6;9;9; 10; 11; 13; 13; 13; 13; 14; 14; 17; 17; 18;19; 19; 20; 21; 21; 21; 23; 24.
There are 23 numbers, so the middle number is thel2th number out of 23 numbers. So 16 is the
median, the number in the middle of the data.

*  When there is an even number of values in the data set, the median lies halfway between the middle
two values.

*  We can add these two values and divide by 2. For [Example], what if another learner wrote the test
and her result was 7? We can add this to the ordered data set.

6;9; 9; 10; 11; 13; 13; 13; 13; 14;17; 17; 18;19; 19; 20; 21; 21; 21; 23; 24.

Now there are 24 numbers and the middle two numbers are the 12th and 13th numbers. The middle
two numbers are 14 and 16. Add 14 and 16 to get 30 and divide by 2 to get a median of 15.

14+16 _
2 =B

3. Mode
The mode is the number or value that appears most frequently in the
data set.

.4

In a Mathematics class, 23 learners completed a test out of 25 marks.
Here is a list of their results:

14; 10; 23; 21; 11; 19; 20; 21; 9;@17; 17; 18; 14; 19;@24;

21;9; 16; 6.
Find the mode of this data.

Solution
The mode of the results of the test is 13" (13 appears 4 times). (1)

Summary

mean (x) = Zfo

median: middle score of an ordered list of data

mode:  the most frequent score
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Q Activity 1

S
The table below represents Mathematics test scores and frequency for
each score.
Scores (x) Frequency (f)
13 5
17 6
20 4
25 10
(a) Determine the median )
(b) Determine the mean )
[4]
Solutions

(@Xf=25 v/ 1.e. there are 25 scores. To determine the median, find
the position of the median by adding the frequencies until
you reach the position of the median.

Median lies in position 13, hence median = 20 v/ 2)
5(13) + 6(17) + 4(20) + (10)23
(bymean = 21D AUDTICOTAOR _ 477 _ 1905/ )
[4]
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13.2.2 Grouped data

€) 5

Fifty shoppers were asked what percentage of their income they spend on
groceries.

Six answered that they spend between 10% and 19%, inclusive. The full set
of responses is given in the table below.

PERCENTAGE FREQUENCY (f)
10<x<19 6
20<x<29 14
30<x<39 16
40<x<49 1 1. Determine
50 < x < 59 3 midpoints of each interval.
— Since we do not have

the exact values in

(a) Calculate the mean percentage of family income allocated to grouped data, we use these

groceries. approximations
(b) In which interval does the median lie? 2. Add al the Zrequ;ncies
: : : to get the number of items
(¢) Determine the mode percentage of income spent on groceries. in adata set
3. Determine the total
of all
Solutions
(@)
PERCENTAGE | Midpoint Interval | Frequency f Total (fx)
10<x<19 14,5 6 14,5 % 6 =87
20 <x <29 24,5 14 Zox 18750 PPN=0h) Y
30 <x<39 34,5 16 34,5 % 16 = 552  * 7 2
I\ A7, \
40 < x <49 44,5 11 44,5 % 11 = 489.5 |\ /(_,f" (/ \
50 < x <59 54,5 3 54,5 % 3=163,5 AN '
Sum n=50 Y(fx)=1635/

Mean = 25—]36 =327/ (2) &

(b) 30 < x <39 v (median is in position 25,5 of the data. When we )
add frequencies from above, then position 25,5 lies in the interval There are 50 scores. median
30<x<39) (1) lies between positions 25

(¢) 30 < x < 39 / (the interval with the highest frequency) (1) and 26

6+14=20
20+16=36
. %
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13.3 Measures of dispersion

(or spread)

The measures of dispersion give us information about how spread out
the data is around the median. The measures of central tendency give us
information about the central point of the data, but we still need to know if
the data is concentrated in one place, or evenly spread out.

We first look at these measures of dispersion: range and interquartile
range.

1.

Range

The range is the difference between the highest value (or maximum)
and the lowest value (or minimum) in a data set.

Range = largest value in the data set — smallest value in the data set

€6

Find the range of the Mathematics test results:
6; 9; 9; 10; 11; 13; 13; 13; 13; 14; 14; 16; 17; 17; 18;19; 19;
20; 21; 21; 21; 23; 24.

Solution

24 — 6 = 18. So the range of the test results is 18.

2. The interquartile range
* The interquartile range depends on the median. So organise the data
first and find the median.
e The data is divided into four parts (quarters, which we call quartiles).
First, the median (Q,) divides the data into two halves.
* The lower quartile (Q,) divides the data below the median (Q,) into
two equal sets of data.
* The upper quartile (Q,) divides the data above the median into two
equal sets of data.
* The difference between the lower and the upper quartile (Q; - Q,)
is called the interquartile range. This tells us how spread out the
middle half of the data is around the median.
lower quartile median upper quartile
Q Q, Qs
v v v
data data data data

interquartile range
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We can also
use the ff formulae
to calculate the
position of Q,, Q, and Q.
Position of Q,

_ (n+1) _ (23 + 1) _
=T Tz =12
Q, is the value in
position 12 which is 16

Position of Q,
_(n+1) _ (23 +1)
R
is the value in position &
which is 13

€) 7

Find the interquartile range of the Mathematics test results:

6; 9;9; 10; 11; 13; 13; 13; 13; 14; 14; 16; 17; 17; 18;19; 19;
20; 21; 21; 21; 23; 24.

Solution

¢ We already know that the median is 16.

* Lower half of the data has 11scores, so Q, is the 6" data item.
Q=13

« Upper half of the data set has 11 scores, so Q; is the 6th score
of the upper half data set .. Q; =20

| '| : Position of Qs
ower quartile meridiana upper quartile 3(n+1) _3(23+3)
Q1 ? Q3 4 -_ 4 '_
Qs Is the value in

v v v

6;9;9;10; 11; 13; 13; 13; 13; 14; 14; 16; 17; 17, 18; 19; 19; 20; 21; 21; 21; 23; 24

interquartile range = Q; - Q, =20-13=7

position 18 which
is 20

8]

-
—
~~

Median is not included in the lower half and upper half of the data when calculating Q,
and Q,

a Activity 2

—y

If the test scores in another class are represented by the data below, find
the interquartile range of the test results:

6; 7; 9; 9; 10; 11; 13; 13; 13; 13; 14;17; 17; 18;19; 19; 20;

21; 21; 21; 23; 24. 18]

Solution
We already know that the middle two numbers are 14 and 16.

* The data set has an even number of points, so the median will lie between 14 and 16 (v/). Use the

lower value 14 in the lower half and the upper value 16 in the upper half. (v)

L1321 ()

* Lower half: 12 numbers, so use the 6™ and 7*" numbers to find the lower quartile.

*  Upper half: 12 numbers, so use the 6™ and 7" numbers to find the upper quartile. % =19,5()

lower quartile
Q, /

meridian
Q, v/

upper quartile
Qs

v

,

v

v

6;7; 9;9;10;11;13; 13; 13; 13; 14; 14; 16; 17; 17; 18; 19; 19; 20; 21; 21; 21; 23; 24

interquartile range = 19,5-12=7,5 /

8]
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13.4 Five number summary
and box and whisker
plot

1. Five number summary

The five number summary is a ‘summary’ description of a data set.
It is made of these five numbers:

- the minimum value
- the lower quartile

- the median

- the upper quartile
- the maximum value

8

What is the five number summary for the set of data we have used so far?

6; 9;9; 10; 11; 13; 13; 13; 13; 14; 14; 16; 17; 17; 18;19; 19; 20; 21;
21; 21; 23; 24.

— the minimum value: 6

— the lower quartile: 13
— the median: 16
— the upper quartile: 20
— the maximum value: 24

2. Box and whisker plot
We can represent the five number summary on a box and whisker
plot (or diagram).
The box represents the middle half of the data (the interquartile
range)
The line in the box shows the median.
The ‘whiskers’ show the minimum and maximum values.

minimum lower upper maximum

value quartile median quartile quartile

I |

l |

L1 1 1 | N A I I A A I A A A
2 4 6 8 10 12 14 16 18 20 22
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Quartiles divide data into four equal sets of data. The longer whisker and
box means that the lower 50% of the scores is more spread out than the
upper 50%.

Skewed to the right (Positively skewed) means that the upper half of the
data is more spread out than the lower half.

Skewed data

A box and whisker plot can show whether a data set is symmetrical,
positively skewed or negatively skewed. This box and whisker plot is
not symmetrical because the whiskers are not the same length and the
median is not in the centre of the box. The whisker on the left is a bit longer
than the whisker on the right, which shows that the data on the left of the
box is more spread out. The box is also longer to the right of the median
than to the left of the median. We say that the data is negatively skewed.
(or skewed to the left).

3. Identification of outliers

€) 9

Determine whether the minimum in the [Example] above is an outlier or
not.

Solution

Inter-quartile range = Q; — Q,

=20-13
=7
Q-1,5%xIQR =13 -1,5x%7

=25
6 >2,5..61s not an outlier

i \

To determine outliers:

e Determine the interquartile range

e Determine Q, — 1,5 x 1QR

e |f the minimum < the value of Q, — 1,5 x IQR, then it is an outlier.
e Determine Q; — 1,5 x 1QR

e |f the maximum > Q, — 1,5 x IQR,

Then it is an outlier.
\
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Q Activity 3

Sy

1. These are the scores of ten students in a Science test:
90; 85; 10; 75; 70; 60; 78; 80; 82; 80; 55; 84

a) Draw a box and whisker diagram for the given data. (5)
b) Determine the interquartile range. 2)
¢) State whether the data is skewed or not. (1)
d) State whether 10 is an outlier or not. 2)

[10]

Solutions

a) First write all the scores in ascending order.
10; 55; 60; 70; 75; 78; 80; 80; 82; 84; 85; 90
Work out the five number summary:
Minimum number: 10
Maximum number: 90
Median: 12 numbers, so use the 6™ and 7" numbers 78;80 =79
Lower quartile: Use the first 6 numbers. The 3rd and 4th numbers are 60 and 70

Upper quartile: Use the last 6 numbers. The 3rd and 4th numbers are 82 and 84.

65v 9 83v
10; 55; 60;|70; 75; 78;(80; 80; 82;/84; 85; 90
| | | |
60 + 70 78 + 80 82 + 84
2 2 2
N
10 65 F{ i‘” v whiskers
[ v box

10 20 30 40 50 60 70 80 90 100 ®)
b) Interquartile range = upper quartile — lower quartilev” = 83 — 65 = 18/ (2)
¢) The data is skewed to the left (negatively skewed). v/ (1)

The whisker on the left is longer, i.e. the length on the left of the box is longer than the length on the
right.
d) Interquartile range (IQR) = Q; - Q,

=83-65

=18
Ql-1,5XxIQR=65-1,5%X18

=38 V38
10 <38 v conclusion
. 10 is an outlier (2)
[10]
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a Activity 4

—y

The five number summary of heights of trees three months after they were
planted is (23 ; 42 ; 50 ; 53 ; 75). This information is shown in the box and
whisker diagram below.

|
I I I I I 42 I I 53 I I I I I I I I
2023 30 40 50 60 70 80
a) Determine the interquartile range. 2)
b) What percentage of plants has a height excess of 53 cm? 2)
¢) Between which quartiles do the heights of the trees have the least
variation? Explain. )
[6]
Solutions
a) Interquartile range =53-42v =11/ (2)
b) 25% (2)
¢) Between Q, (50) and Q; (53) v The distance between these two
quartiles is the smallest v/ (2)
[6]
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13.5 Histograms and

frequency polygons

Histograms and frequency polygons are graphs used to represent
grouped and continuous data. They show the frequency and the
distribution (spread) of the data.

Continuous data is data that is not just measured in whole numbers.
For example, length, mass, volume or time are measured in
continuous amounts.

The horizontal axis of a histogram and a frequency polygon have a
continuous scale.

The vertical axis shows the frequency, or number of times the data is
listed.

Grouped data:

Instead of recording every piece of data separately, we can group the
data to make it easier to read. Grouped data can be represented on
a histogram or a frequency polygon.

10

A grocer wants to record the mass of each packet of chicken pieces he
sells. He groups the masses into intervals of 0,2 kg. He makes a frequency

table.
Mass of chicken in kg Number
0,8 < mass of chicken < 1,0 0 These 8 packets have any mass
1,0 < mass of chicken < 1.2 \ between a bit more than 1,2 kg

1,2 < mass of chicken < 1,4

and 1,4 kg.
S0 1,2 < mass of chicken < 1,4

1,4 < mass of chicken < 1,6

1,6 < mass of chicken < 1,8

1,8 < mass of chicken < 2,0

2,0 < mass of chicken < 2,2

O, |N|[O® |0 | W
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2. Histograms
From the frequency table, he draws up a histogram.

Histogram of mass of chicken pieces

—

-
d
A histogram is a graphical
display of data using bars of
different heights. It is similar to
a bar graph but for a histogram
there are no gaps between the
bars.

x-coordinate: use upper limit of
the interval

y-coordinate: frequency

8
2.5
>x<
© 2 ) 6
53 | §
E=ad o wnw DO
L = c O
o o
25 | o8 4
> °a
c
g 3
5.22
Z5
1
0 0,2 0,4 0,6 0,8 1 1,2 1,4 1,6 1,8

Mass of chicken in kg

Use horizontal axis for mass.
Use intervals of 0,2 kg.

3. Frequency polygons
We can also make a frequency polygon using this data. A frequency
polygon uses lines to join the mid-points of each interval. The
polygon must begin and end on the horizontal axis. So we can add an
interval at the beginning and the end of the data which both have a
frequency of O.

2,0 2,2

Frequency polygon of mass of chicken pieces

Use vertical axis
for frequency

Number of packets of chicken pieces

Notice the polygon shape. This
one has 6 sides, including the
x-axis.

Y

Ol N W » O O N ©

0,2 0,4 0,6 0,8 1 1,2 1,4 1,6 1,8
Mass of chicken in kg

Use horizontal axis for mass.
Use intervals of 0,2 kg.
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The frequency polygon can also be drawn using the midpoints of the bars
of the histogram, as shown below.

A

10
9

\l

Frequency
w ~ O O
\

N

0,8 1 1,2 1,4 1,6 1,8 2 2,2

Mass of chicken (kg)

Frequency polygons are useful to compare the distribution of two or more
sets of data on the same set of axes.

& To plot a frequency polygon: N

e Plot midpoints of each interval
e Join the midpoints by straight lines
e Add an interval at the beginning and end of the data, with both frequencies

equals to 0.
e Frequency polygon is a closed figure, hence must start and end at the
x-axis.
- %
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13.6 Cumulative frequency
tables and graphs
(ogives)

1. Cumulative frequency tables

e Cumulative frequency gives us a running total of the frequency. So
we keep adding onto the frequency from the first interval to the last
interval.

* We can show these results in a cumulative frequency table.

.11

In an English class, 30 learners completed a test out of 20 marks. Here is
a list of their results:

14;10; 11; 19; 15; 11; 13; 11; 9; 11; 12; 17; 10; 14; 13; 17, 7; 14; 17; 13; 13;
9;12;16;6;9; 11; 11; 13; 20.

Mark Tally Frequency Cumulative
out of (number of learners) frequency :
29 Keep adding onto
6 1 1 Lree%li:ncy from row
' ! 1+ri=2 For example,
: 0 2+0=2 7+6=13
> /7 3 2+3=5
10 // 2 5+2=0)
11 Sy @ @
12 // 2 15
13 ddd 5 20
14 11/ 3 23
i / 1 24
16 / 1 5
17 /// 3 8
18 0 8
19 / 1 29
= ! ! " The last number

is the same as total

With this data set, it would be more useful to group the data. number of learners
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We can use intervals of 5 and make a cumulative frequency table for
grouped data.

Class interval Frequency Cumulative frequency
1<x<5 0 0
5<x<10 7 7
10<x<15 17 24
15<x<20 6 30

2. Cumulative frequency graph (ogive)

¢ We can represent the cumulative results from a cumulative
frequency table with a cumulative frequency graph or ogive.

e This graph always starts on the x-axis and usually forms an
S-shaped curve, ending with the cumulative frequency (y-value).

* The endpoint of each interval is plotted against the cumulative
frequency.

.12

Represent the data in the cumulative frequency table of grouped data with
a cumulative frequency graph.

*  the x-axis needs the points 5; 10; 15; and 20 to mark the end of each
interval.

» the y-axis represents the cumulative frequency from 0 to 30.

*  For plotting the points, use the end of each class interval on the
x-axis and the cumulative frequency on the y-axis. So you need to
plot these points: (5; 0); (10; 7); (15; 24); (20; 30)

*  Join the plotted points.

35
30
2y
@ 25
=}
L% = /
iva: L 20
To plot oglv§. - o /
e x-coordinate - use upper = 7/
limit of each interval. S 15
e y-coordinate - cumulative E 10 [
frequency 3 /
e |[f the frequency of the 5
first interval is not 0, then i
include an interval before 0
the given one and make 0 5 10 15 20 25
use 0 as its frequency. Marks
L
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‘._) Activity 5

—

An ice cream vendor has kept a record of sales for October and
November 2012. The daily sales in rands is shown in the histogram
below.

24

21

18

15

12

Frequency (number of days)

10 20 30 40 50 60 70 80 90 100 110120
Daily sales (rand)

1.1 Draw up a cumulative frequency table for the sales over October

and November. 2)
1.2 Draw an ogive for the sales over October and November. 3)
1.3 Use your ogive to determine the median value for the daily sales.
Explain how you obtain your answer. ()
1.4 Estimate the interval of the upper 25% of the daily sales. 2)
8]
Solutions
1.1 Cumulative frequency table:
Daily sales (in rand) Frequency Cumulative frequency
60<rand <70 5 5
70 <rand < 80 11 16
80 <rand < 90 22 38 v/ 1% three correct
90 <rand < 100 13 51
100 <rand < 110 7 58
110 <rand < 120 3 61 / last three correct
(2)
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v 1st three points plotted
correctly

v last three points plotted
correctly

v grounding at 0

1.2

& We can find the
median, the range

and the interquartile range

from a cumulative frequency

graph.

We cannot find the mean

from a cumulative frequency

graph.

\_

\

70 T

60

50

40

30

N

20

N

cummulative frequency

10

0 20 40 60 80 100 120 140

Marks

1.3 There are 61 data points, so the median is the 31% data point.
We can read the data point off the graph at 31. It gives a rand value
of R87. vV (1)
1.4 The upper 25% lies above 75% of 61 =45,75. /
Read from the y-axis across to the graph and down to the x-axis.
The upper 25% of sales lies in the interval: 96 < sales < 120 v//(2)
8]
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13.7 Variance and standard
deviation

Sometimes the mean is a more useful measure of central tendency than
the median.

The measures of dispersion (spread) around the mean are called the
variance and the standard deviation.

1. Standard deviation
The standard deviation is the square root of (the sum of the squared
differences between each score and the mean divided by the
number of scores). The formula for standard deviation is:

where x is each individual value, x is the mean and » is the number
of values. The symbol sigma Y. means ‘the sum of’.
This formula will be on the data sheet. Make sure you can use the formula properly.

1.1 Calculating the standard deviation using the formula:

o= \/Z(xn— X

1. Find the mean of all the numbers in the data set.

Find each value of x — x. In other words, work out by how much each of these
values differs (or deviates) from the mean.

3. Square each deviation. Find each value of (x — x)?

4. Add all the answers together. In other words, find Y, (x — X).
5. Divide this sum by the number of values, n.
6
7

N

=X : .
. You have now found ==—=. This value is called the variance.

, . ) " dx—x)?
. Find the square root of the variance to find the standard deviation. 7

By working through these steps, you have found the standard deviation using the
formula.

13 Finding the variance and standard deviation

These are the results of a mathematics test for a Grade 11 class of 20
students.

52 44 62 66 60 57 95 78 71 62
100 69 62 72 73 55 32 83 78 80

1. Calculate the mean mark for the class. )

2. Complete the table below and use it to calculate the standard
deviation of the marks. (3)

3.  What percentage of the students scored within one standard
deviation of the mean? 2)
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Solutions

1 X = 52+44+62+66+60+57+95+78+714+62+100+69+62+72+734+55+32+834+78+80 _ 67.55 /
. 20 - s
2.
Mark obtained (x - X) (x - x)? ~

(%) -
52 52 - 67,55 (-15,55)? \ The squaring of (x — x) deals

=_1555 =241,8 with the effect of the negative

signs.
44 -23,55 554,6 .
At the end, we find the
62 -5,55 30,8 square root of the whole
66 -1,55 2.4 answer to ‘reverse’ the effect
60 755 570 of the square.
v ’ & J
57 -10,55 111,3
95 27,45 753,5
78 10,45 109,2
71 3,45 11,9
62 -5,65 30,8
100 32,45 1053,0
69 1,45 2,1
62 -5,65 30,8
72 4,45 19,8
73 5,45 29,7
55 -12,55 157,5
32 -35,55 1263,8
83 15,45 238,7
78 10,45 109,2
80 12,45 155,0
S (x - X2 4 962,9
_ [4962,9 _
=55 = 15,7526...
=15,75 v/ /v answer

(correct to 2 decimal places)

3. One standard deviation from the mean lies between - —
(x—0;x+0)=1(67,55-15,75; 67,55 + 15,75) ~
=(51,8; 83,3) v

We can say this is a representative
16 scores lie in the interval (51,8; 83,3) y P

set of data, because more than

16 out of 20 of the marks lie within one standard deviation of the 66,6% lie within one standard
mean, % % 100 = 80% deviation of the mean. )
Answer: 80% of the students’ marks lie within one standard deviation from the mean.
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1.2 Steps for calculating the standard deviation with a scientific
calculator:

Using a Casio fx-82 ES PLUS calculator:

press Mode then STAT then 1 - VAR

- enter all data one at a time pressing = after each entry.
- press the orange AC button

- press shift STAT then VAR

- in order to calculate the mean press 2: x.

- once all these steps have been completed, simply press AC shift
STAT then VAR

- now press 3: 60 to calculate the standard deviation.

If you understand the calculator steps and use them properly,
you will come to the same answer of 15,75 as we found before.
Practise these steps so that you can do exam Examples using a
calculator.

—
- 2
d

e the interquartile range measures a spread around the median, so it has to do with
the positions of data and not their actual values.

e the standard deviation measures a spread around the mean, using the actual
values of the data and not just their positions.
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Q Activity 6

—y

The data below shows the energy levels, in kilocalories per 100 g, of 10
different snack foods.

440 520 480 560 615 550 620 680 545 490

(a) Calculate the mean energy level of these snack foods. (2)
(b) Calculate the standard deviation. (2)
(c¢) The energy levels, in kilocalories per 100 g, of 10 different

breakfast cereals had a mean of 545,7 kilocalories and a

standard deviation of 28 kilocalories. Which of the two

types of food show greater variation in energy levels?

What do you conclude? (2)
16l
Solutions
(a) Mean = % = 550 kilocalories v'v/ 2)
(b) s = 69,03 kilocalories v'v/ 2)

(c) Snack foods have a greater variation. v/ The standard deviation for
snack foods is 69,03 kilocalories whilst the standard deviation for
breakfast cereals is 28 kilocalories. i.e energy levels of breakfast cereals
is spread closer to the mean than in those of the snack food. v/ (2)

[6]

2. The normal distributive curve
The data can be plotted on a graph that shows the standard
deviations. If the data is distributed symmetrically around the mean,
the values form a normal distribution curve:

mean

Frequency

xX-20 x-0 x Xx+to x+20
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13.8 Bivariate data and the

scatter plot (scatter
graph)

A scatter plot is a graph using the x- and y-axes to represent bivariate
data.

Bivariate data means that each point on the graph represents two
variables that are independent of each other.

In a scatter plot, we plot a point for each pair of coordinates and look
at the overall pattern or trend in the data.

The points in the data are compared to see if there is a correlation or
some kind of pattern (or trend) in the data.

When a point does not fit the trend of the other points, it is called an
outlier.

Outliers are easy to identify on a scatter diagram or a box and
whisker diagram.

We can sometimes represent the trend in the data with a line
or curve of best fit. The line or curve can be represented by an
equation that could be linear, quadratic, exponential, hyperbolic etc.

14

A science teacher compares the marks for the mid-year examination with
the marks for final examinations achieved by 11 learners.

mid-year 80 |68 [94 |72 |74 |83 |56 |68 |65 |75 |88
marks
final marks 72 171 |96 |77 |82 |72 |58 |83 |78 |80 |92
1. Draw a scatter graph of this data. 3)
2. Describe the curve of best fit. 2)
3. Use the scatter plot to estimate the final mark of a learner
who had a midyear mark of 75%. (1)
[6]
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Solutions

1.

110

105
100

95

90

85

80

75

70

65

Final examination

60
55

50

45

40
40

45

50

55

60

65

70

75

80

85 90 95 100

Mid-year examination marks

v v/ all points plotted correctly

2. The ‘curve’ or line of best fit is a straight line. v" There should be about five dots
above the line and five dots below the line. v/
3. A line from 75 on the x-axis to the trendline takes us to about 78 on the y-axis. So

we can predict that a learner with a midyear mark of 75% can expect to get about
78% ¢ in the final exam.

6]
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Q Activity 7

—

The outdoor temperature (in °C) at noon is measured. It is compared with the number

of units of electricity used to heat a house each day.

Temp in °C 701111 9 2 4 7 0 ]10] 5 3
units of electricity used 32 120 | 27 | 37 | 32 | 28 | 41 | 23 | 33 | 36
(a) Draw a scatter graph to represent this data. 3)
(b) Draw in a line of best fit. (1)

(¢) Use your line of best fit to estimate the noon temperature
when 30 units of electricity are used. (1)
151
Solutions
(a) Graph vV v/ 3)
(b) Line of best fit v/ (1)
45
40 ‘\\\.\
= 35
3 . .
E 30
o= 25
; \
=
- 20
15
10 WV
0 1 2 3 4 5 6 7 8 9 10 11 12
Noon temperature in °C
(c) If the noon temperature is 6,25°C, about 30 units v of electricity will probably be
used in the house. (1)
151
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13.9 The linear regression
line (or the least squares
regression line)

The line of best fit for a set of bivariate numerical data is the linear
regression line. So far, we have seen this trend line on a scatter graph.
Now we use a scientific calculator to determine the equation for this line.

We know the straight line equation: y =mx + ¢

Statistics (as used on the CASIO x-82ES PLUS calculator) uses y = A + Bx,
where B is the gradient and A is the cut on the y-axis of the straight line of
best fit.

So the gradient is B instead of m and the y-intercept is A instead of c.

The Regression Coefficient ‘r’

This is a statistical number that measures the strength of the correlation
(relationship) between two sets of data.

e This number is calculated from two sets of data using a calculator.
e ralways lies between -1 and +1.

e The closer ris to -1, the stronger the negative correlation.

* The closer ris to +1, the stronger the positive correlation.

e If r=0, there is no correlation between the two sets of data.

The number line shows the r values and the strength of the correlation
between bivariate data.

-1 -0,8 -0,6 -0,4 -0,2 0] 0,2 0,4 0,6 0,8 1

N I I S A
strong meaium weak weak medium strong

negative negative negative positive positive positive
correlation correlation correlation correlation correlation correlation
perfect no linear perfect
negative correlation positive
correlation correlation

-
—
~~

We only study the r value of bivariate data when the
line of best fit is a straight line.

274 UNIT 13 STATISTICS © Department of Basic Education 2015
Mind the Gap Mathematics



A negative correlation means that as x increases, y decreases.

The more closely the points are clustered together around the line, the

stronger the correlation.

\

A strong negative
correlation

A

X X
X
x X
X
X

»
>

A weaker negative
correlation

\

A strong positive
correlation

A positive correlation means that as x increases, y also increases

A correlation of zero means that there is no relationship between x and y.

€s) 15

A dieselengine turnsatarate of x revolutions per minute. The corresponding

A
X X
X
X
X
X
X

\

horse power of the engine is measured by y in the table below:

x (revolutions per minute)

400 500

600

700 750

y (horse power)

580 1030

1420

1880 | 2100

1. Find the equation of the least squares regression line: y = A + B x
(correct to two decimal places).
2. Determine the regression coefficient r. Discuss the correlation

between x and y.

3. Use this regression line to estimate the power output when the
engine runs at 800 rev per min.
4. About how fast is the engine running when it has an output of

1 200 horse power?

\

A weaker positive
correlation
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Solutions

1. Use a calculator

—  Mode 2: STAT

- 2:A+Bux

—  Enter the x values first:

— 400 =; 500 =; 600 =; 700 =; 750 =

—  Use arrows to move right to y column and up

to start next to 400.

—  Enter y values:

— 580 =;1030 =; 1420 =; 1880 =; 2100=

—  Press (orange) AC button

—  Press SHIFT STAT (at 1)

—  Press 5: Reg

—  Press1: A = and get —1145,792683
This is the y-intercept of the regression line

—  Press orange AC button

—  Press SHIFT STAT

—  Press 5: Reg

—  Now press 2: B =and get 4,318292683
This is the gradient of the regression line
Answer:
The least squares regression line:
y=-1145,8 + 4,32 x (correct to 2 decimal places)

2. Keep all the information in the calculator
from 1.
—  Press AC
—  SHIFT STAT
-  5:REG
—  Then 3: r = 0,9996821357
There is a strong positive correlation between x
and y (r is very close to +1)

3. Substitute x = 800 into line of best fit equation:
=—1145,8 + 4,32(800)
y=2310,2
800 revolutions will generate 2 310,2 output
of horse power.

4. Lety=1200
1200=-11458 + 4,32 x
1200+ 11458 =432 x

2345,8=432x Remember to
23458 change the MODE
432 — back to 1:COMP

when doing normal
calculations

543,0092593 = x

There are about

543 revolutions per min for an
output of 1 200 horse power.

The scatter plot and the line of best fit show the trend in the relationship between the revolutions and

the horse power.

2250

Pad

2000

o

1750

1500

1250

1000

Horsepower

750
./

500

250

0 T T T T

300 350 400 450 500

550 600 650 700 750 800

Revolutions per minute

276 UNIT 13 STATISTICS

© Department of Basic Education 2015
Mind the Gap Mathematics




A Activity 8

—v

1. Pick 'n Pay wants to survey how long in seconds (y) it takes a teller
to scan (x) items at the till.

The table shows the results from 9 shoppers.

Shoppers A B C D E F G H |
x (no of items) 5 8 12 (15| 15 | 17 | 20 | 21 | 25
y (time in seconds) 3 11 9 6 15 | 13 | 25| 15 | 13

a) Use your calculator to determine the equation of the

line of best fit (the regression line or the least squares

regression line) correct to two decimal places. 3)
b) Calculate the value of r, the correlation coefficient for

the data. What can you say about the correlation between

x and y? 3)
¢) How long would the teller take to scan 21 items at the till?  (2)
d) How many items could a teller scan in 21,28 seconds? 2)

2. A restaurant wants to know the relationship between the number of
customers and the number of chicken pies that are ordered.

number of customers (x) 5 10 | 15 | 20 | 25 | 30 | 35 | 40
number of chicken pies () 3 5 10 | 10 | 15 | 20 | 20 | 24

a) Determine the equation of the regression line correct to

two decimal places. 3)
b) Determine the value of r, the correlation coefficient.

Describe the type and strength of the correlation between

the number of people and the number of chicken pies

ordered. 3)
¢) Determine how many chicken pies 100 people would order.  (2)
d) If they only have 12 pies left, how many people can

they serve? )

120]
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Solutions
1. a) A=2,68/
B=0,62V
y=12,68+0,62x / (3)

b) r=0,62847....=0,63 VvV
This is a weak positive correlation v/ (3)

¢) y=2,68+0,6221) v =157
(about 16 seconds) v/ 2)

d) 21,28 =2,68 + 0,62 x v/
21,28 -2,68 =0,62 x
18,6 _
0,62~ %
30=x
30 items can be scanned in 21,28 seconds. v/ 2)

2. a) A=0,39285... /
B=0,61190 /
y=04+06x/ 3)

b) r=0,9866... /v
This is a very strong positive correlation v/
(ris close to +1) 3)

¢) y=-04+0,6x
y=-0,4+0,6(100) v

y= 59,6
About 60 chicken pies are ordered by 100 v people. 2)
d) 12=-04+0,6xv
12+0,4=0,6x
124
06 ¥
20,6... = x
About 21 people will order 12 pies. v/ 2)
[20]
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a Activity 8 (continued)
—v

3. A recording company investigates the relationship between the number of times a
CD is played by a national radio station and the national sales of the same CD in the
following week. The data below was collected for random sample of CDs. The sales
figures are rounded to the nearest 50

Number of times 47 34 40 34 33 50 28 53 25 45
CD is played

Weekly sales of 3950 | 2500 | 3700 | 2800 | 2900 | 3750 | 2300 | 4400 | 2200 | 3400
the CD

a) Identify the independent variable. (1)
b) Draw a scatter plot of this data. 3)
¢) Determine the equation of the least squares regression line. 3)
d) Calculate the correlation coefficient. 2)

e) Predict, correct to the nearest 50, the weekly sales for a
CD that was played 45 times by the station in the
previous week. 2)
f) Comment on the strength of the relationship between the variables. (1)
[12]

Solutions

3. a)  the number of times the CD is played v/ (1)
b)

Scatter plot showing the number of times a CD was played vs the CD
sales in the following week

5000

4500 ¢

4000 *

3500 &

3000
*

2500

2000

1500

1000

500

A4 (3)

¢) a=264,326/ d) r=095v/ )
b=7521/
y=26433+7521x v/ (3)
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e) y=264,33 +75,21x(45) v/ (substitution)

~ 3 648,78
~3 648
~ 3 650 (to the nearest 50) v/ (2)
f) There is a very strong positive relationship between the number of times that a CD was played and
the sales of that CD in the following week. v/ (1)
[12]
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What you need to be able
to do:

1. Determine mean, median and mode in grouped or ungrouped data
2. Draw and analyse the following methods for representing data:
e box-and-whisker plots
* histograms
e frequency polygons
e cumulative frequency curves (ogives)
e (Calculate the variance and the standard deviation of a set of
ungrouped data.
e Comment on whether a data set is symmetric or skewed, by
analysing the representation of the data.
* Identify outliers in a set of data by looking at the box-and-whisker
plot or scatterplot.
¢ Determine the equation of the line of best fit of bivariate data
using a calculator. (This line could be called the “least squares
regression line”.)
* Determine the regression correlation coefficient “r”.
e Use the line of best fit to draw conclusions.

well done!
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